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Let B be the semigroup, which is described in [1] with the two-element family
F of inductive subset of w. Without loss of generality we may assume that F =
{[0, ), [1, )}.
Fix an arbitrary positive integer k andany p € {0, ...,k — 1}. Forall i,j € w we define
the transformation a;,,, of the semigroup B, in the following way
(i,4,[0,0))ax , = (ki, kj, [0,0)) and
(i,4,[1,0))ax, = (p + ki, p + kj, [1,0))
Fix an arbitrary positive integer k = 2 andanyp € {1, ...,k — 1}}. Forall i,j €
w we define the transformation 3, ,, of the semigroup B, in the following way
(i,4,10,00))Bip = (ki kj,[0,00)) and (i,/,[1,0))Bep = (p + ki, p + kj, [0, )).
Theorem 1. Let F = {[0, ), [1, )} and & be an injective monoid endomorphism
of BE. Then either there exists a positive integer k and p € {0, ...,k — 1}, such that £ =
ay p, or there exist a positive integer k > 2 and p € {1, ...,k — 1}} such that &€ = By,
We describe the structure of the semigroup Endl(B%) of injective monoid
endomorphisms of the B,
Fix an arbitrary positive integer k. For all i,j € w we define the transformations y;
and &, of the semigroup BZ in the following way
(6.,10,9))yip = (1., [1,0))yiep = (ki kj, [0,00));
(i,4,[0,0))8y, = (ki, kj, [0,0)) and
(i,4,[1,0))8p = (k(i + 1), k(G + 1),[0,0))
Theorem 2. If F ={[0,),[1,0)}, then for any non-injective monoid
endomorphism & of the monoid B only one of the following conditions holds:
(1) € is the annihilating endomorphism, i.e., € = yo = 8;
(2) £ = y; for some positive integer k;
(3) £ = &, for some positive integer k.

We describe the structure of the semigroup End, (B%) of non-injective monoid endo-
morphisms of BY.

Also, we describe the structure of the semigroup End(B¥) of all monoid endomor-
phisms of BZ.

1. Gutik O., Mykhalenych M., On some generalization of the bicyclic monoid,
Visnyk Lviv University. Ser. Mech. Mat. — 2020. — Vol. 90. — P. 20-47.

~19 ~



The 13" International Scientific Conference «ITSec» May, 9-11 2024

Lagrangian approach for Navier-Stokes Equations
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Smoothed Particle Hydrodynamics (SPH) is a Lagrangian method gaining popularity
in fields ranging from entertainment to engineering. It perfectly handles complex
scenarios like free-surface fluids with dynamic boundaries and is useful in both special
effects and engineering. This makes SPH ideal for solving the Navier-Stokes equations in
this study.
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where # - dynamic viscosity, v - velocity, # - pressure, ¥ - viscosity, fua - external
forces.

The concept of Smoothed Particle Hydrodynamics (SPH) can be generally described
as a method for discretizing spatial field quantities and spatial differential operators, such
as gradients, divergence and curl.

Dirac-6 identity is the basis for the discretization. For continuous compactly supported
function 4(x)

A(x) = (A% 8)(x) = f AX)S(x — x') dv/ o

where ' denotes the volume integration variable corresponding to x'.

To address the challenges of discretizing the Dirac-6 function, which is neither a
conventional function nor can be discretized, we first approximate a(r) continuously using
a kernel function W (7. 1), where / denotes the kernel’s smoothing length as proposed in
[1]. Such that:

lim W(r,h) =4(r
h—0 (r; ) (r) (3)

Final step for the SPH discretization involves substituting of the analytical integral in

Eqg. (2) with a sum over dlscrete sampllng pomts as follows:

(Aw)(x.)—fj(( 3

p(x") dv’

~ ZA ﬁu x; —x;, h)
Q)

Laplace operator can be discretized using Eq. (4) as:

viA = > A,
i (5)
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However, this approach results in a relatively poor estimate of the second-order
differential. An improved discrete operator for the Laplacian was introduced by
Brookshaw in [2]. The core concept behind this formulation is to utilize only the first-
order derivative of the kernel function and approximate the second derivative through a
finite-difference-like operation, specifically by dividing by the particle distance:

V2A; = — ﬂA:; 2 VWil
Pi ||3r'1‘.i | (6)

We can now create a basic simulator for weakly compressible fluids using SPH and
symplectic Euler integration:

. for all particle i
Reconstruct density /% at X using Eq. (4)

. for all particle i
riscosi L
Fi\ 1scosity — nl.iI_VZVf
Compute Pi using Eq. (6)

t a1 f -
V? =v, + 7(E?15c051 Y + Fflt)
Assign m;

. for all particle i

s 1
Fyiple.s.sure _ 77vp

Compute P using state equation

. for all particle i
* At pressure
vi(t + Af) = v — P
m

1

xi(t + At) = x; + Abvi(t + At)

In conclusion, this paper provided an introduction to the Navier-Stokes equations and
Smoothed Particle Hydrodynamics (SPH), outlining how to discretize the Laplace
operator and illustrating a basic algorithm for fluid simulation.
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